Regularity for n-Harmonic Maps
Libin Mou* and Paul Yang**

Abstract.  Here we obtain everywhere regularity of weak solutions of some nonlinear elliptic systems
with borderline growth, including n-harmonic maps between manifolds or map with constant volumes.
Other results in this paper include regularity up to the boundary and a removability theorem for isolated

singularities.

¢ 1. Introduction

Let n, m > 2 be integers, p € (1,n] and Q be a smooth bounded domain  C R™. As usual, W1?(Q, R™)
is the set of all functions v € LP(Q, R™) with finite p-energy fQ |[VulP < oo; it is a Banach space with the
norm ||ullw1r = [q [ul? + [VulP.

Let K be a submanifold of W1P(Q, R™). A p-harmonic map in K is a critical point in K of the energy
functional [, [Vu|P. Denote by T, K the tangent space of K at u, that is, the set of all ¢ € Whr(Q R™),

where ¢ = uy for a smooth curve u; in K with ug = u. A p-harmonic map in K thus satisfies

dilizo
div(|Vu[P~2Vu) LT, K.

This relation can often be written as an equation:

(1.1) div(|VulP~2Vu) = f(z,u, Vu),

where f is smooth and homogeneous in Vu of degree p. We now look at two examples.

First, suppose that N is a compact Riemannian manifold, which we may assume is isometrically
embedded into R™ as a submanifold. Let K be the submanifold consisting of all u € WHP(Q, R™) with
image u(2) C N and with fixed boundary data u|0€Q. Then p-harmonic maps in K are called p-harmonic

maps from Q to N, and (1.1) becomes
(1.2) div(|VuP~2Vu) — |Vu|P~2 A(u)(Vu, Vu) = 0,

where A(u) is the second fundamental form of N. For a derivation, see [SU1] and [HL1]. In particular, when

N =S""1 (1.2) reduces to

(1.3) div(|Vu[P~2Vu) + |VulPu = 0.
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The second example occurs when m = n + 1 and p = n. In this case, a function u € W1m(Q, R™)
parametrizes a generalized hypersurface u(Q) ¢ R™. If u € C*(Q,R™), then the cone generated by u(f2)

(with vertex 0 € R™) has a oriented volume

(1.4) V(u) = n_li_l/gu'.](u),

where J(u) = O1u A ... A Opu is the wedge product of dyu,...,0,u; it is the vector whose components are
(ni1)xn: We will see that V(u) can be defined by (1.4) for any
u € WE(Q,R™) with bounded u|0Q. Let K be the set of all u € WHm(Q, R™) with prescribed u|9 and

the n x n minors of the Jacobi matrix (8jui)

V(u). We call the critical points u € K of [, |Vu|™ n-harmonic maps with constant volume. These satisfy
(1.5) div(|Vu""2Vu) + H J(u) = 0,

for some constant H.

By a p-harmonic map, we will simply mean a weak solution of (1.1). Here we are concerned with the
regularity of p-harmonic maps, especially n-harmonic maps into spheres or maps with constant volumes.

Theorem 2.6 asserts that if w is a p-harmonic map with the monotonicity property and f(z,u, Vu) is
in the local Hardy space H{ () (a space slightly smaller than L'), then u is partially regular to the extent
that the singular set has 0 Hausdorff measure of dimension n —p. Moreover, we show that n-harmonic maps
are everywhere regular in the interior, continuous up to the boundary of €2, and have removable isolated
singularities. See Theorems 3.2, 3.6, 4.1 and 5.1.

The regularity of 2-harmonic maps (on a disk) with constant volume and H-surfaces was proved by
Wente [WH], Griiter [G], and others. In this case, any solution of Au = H; A dru is analytic [WH, 1969,
in contrast with our optimal C1® regularity for some o € (0,1) (see [L]).

Partial regularity of harmonic maps to manifolds has been extensively studied. For minimizers of
Jo IVul?, see the work of Schoen and Uhlenbeck, Hardt and Lin, and Luckhaus [SU1][HL1][LS]. For stationary
2-harmonic maps to spheres, see Evans’ paper [EL]. Theorem 3.2 generalizes Evans’ result to p-harmonic
maps. Very recently, Bethuel [B] proved partial regularity for 2-harmonic maps with monotonicity for an
arbitrary target manifold.

A 2-harmonic map on a surface is regular up to the boundary, see Heléin [HF1,2] and Qing [QJ]. For
earlier results in this case, see [MC], [SR].

Removability of isolated singularities of 2-harmonic maps on a surface was proved by Sacks and
Uhlenbeck [SaU, Thm 3.6], who also applied the result to find harmonic maps in homotopy classes. Theorem
5.1 generalizes this result to arbitrary higher dimensional cases, which can be applied to show the existence

of n-harmonic maps homotopic to given maps.

Our proof of Theorem 2.6 uses a blow-up argument, which leads to an energy growth estimate.

We prove the strong convergence of the blow-up sequence by using Fefferman-Stein’s duality theorem
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HY(R")* = BMO(R") and the assumption that f is in the Hardy space H!. To apply Theorem 2.6 to
(1.3) and (1.5), we verify that f € H . by using a criterion in [CLMS2].

In the proof of Theorem 5.1 we used the idea in [SaU]. Assuming that f1Vu and u € C!, we show that
u satisfies a monotonicity identity (Corollary 2.2), which is essential to the proof. In fact, the result is not
true without this assumption; for examples, see [G].

The monotonicity property (defined in Corollary 2.2) in Theorem 2.6 is also essential when p € (1,n).
Riviere constructed an example [RT] of 2-harmonic map from B? to S? that is everywhere discontinuous and
has no monotonicity property. For more discussions on the monotonicity, see [SU1][HL1][SR|[DF][CL][ML].

We now make some remarks on the notations. We use the summation convention that repeated indices
are summed over. 86;—1: is also denoted by O,u or u,. For r > 0, we denote by B, a ball of radius r,
and S, = 0B,. To indicate the center of the ball, say z, we write B,.(z), and S,(z) = 0B,(z). The
integral measures are suppressed when they are clear from the domain, for example, fQ flz) = fQ f(z)dz,
faB,. flz) = faB,,, f(x)dS,. The constants C' may vary from line to line; their dependence other than n,m,p
will be described or indicated by a C(4, M), etc.

We thank Tom Wolff for bringing to our attention the article of Lewis. Recently we learned that Hardt
and Lin [HL2] also had a proof for Theorem 3.2 in this paper.

§ 2. Interior regularity theorem

In this section we consider the regularity of solutions of
(2.1) div(|Vu|P72Vu) = f(x,u, Vu),

where f is assumed (through this paper) to be smooth, and there is a non-decreasing function y : [0, 00) —

[0,00) so that for z € Q, y € R™ and z € R™",

(2.2) LFL L2l Ll 121 ] < iy 2P < oo

Sometimes we also assume that
(2.3) f(z,u, Vu) LVu,

that is, fLOqu for each a. Note that the both equations (1.2) and (1.5) satisfy (2.3).

Theorem 2.1. Suppose that u € C1(Q, R™) is a weak solution of (2.1) such that v and f satisfy (2.2) and

(2.3). Then u satisfies the monotonicity identity:

(2.4) i <7"p_”/ |Vu|p> :prp_"/ |Vu|”_2|ur|2
dr B, OB,

for any B, = B, (z9) C Q. Here r = |z — x¢| and u, = %ﬁf,
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Proof. The monotonicity identity can be derived from the following identity:
(2.5) / |VuPdivX — p|VulP~20,udsuds X? = 0,
Q

for X € C}(Q,R"™), as in [DF][MLI.
To verify (2.5), let X € C3(Q, R"™). If X is supported in Q4 = {z € Q: [Vu|(x) > 0} where u is actually
C?, then we may take ¢ = > %X“ € CL(Q4,R"). Then by (2.3) we have ¢ - f(x,u(x), Vu(z)) = 0.
Thus (2.1) yields
0= /Q |VulP~2VuVe

1
:/ =00 (|VulP) X + |VulP~20,udsuds X P
Qb
1
= / — = |VulPdivX + |Vul|P~20,udsud, X°.
Q P
So (2.5) holds for X € C}(Q4,R™). Since Vu(z) =0 on Q\ Q4, (2.5) is true for all X € C}(B; \ {0},R")
as shown by an approximation in [DF]. [ ]
For stationary harmonic maps to manifolds, (2.4) was showed in [HL1, p570].

Corollary 2.2. Ifu is as in Theorem 2.1, then v has monotonicity property, that is, the normalized energy
P [ @) |VulP is increasing in v, where B,.(x) C Q. In particular, if p = n, then

(2.6) / IVl :n/ V"2 2.
oB oB

T T

Proof. Monotonicity of u and (2.6) directly follow from previous theorem. [ |

Remark. If fact (2.4) and (2.6) hold for B, = B,.(xg) even if we only assume u € C*(Q\ {zo},R™). In
this case (2.5) holds for X € C3(Q\ {zo}, R").

Theorem 2.3.

(a). If u € WHP(Q,R™) N C%B (2, R™) for some 3 € (0,1) is a solution of (2.1), then u € C**(Q, R™) for
some « € (0,1).

(b). There are positive numbers € and C, depending on p,n, m, u(M), so that if u € C*(Q, R™) is a solution
of (2.1) with |u| < M and if u satisfies (2.3) and rP~™ fBT(I) |[VulP < e, then

sup |VulP < C’][ [VulP.
B%(m) B,(x

Proof. (a) can be proved by following the outline of the proof of Theorem 3.1 in [HL1].
(b) was proved for p-harmonic maps to manifolds in [DF, Thm 2.1]. The main ingredient of the proof

was monotonicity property, which in our case follows from Corollary 2.2. [ ]
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When f = 0, the solutions of (2.1) are p-harmonic functions, whose regularity is well-known, proved by

Uhlenbeck [UK, Thm. 3.2 & 5.4] for p > 2 and Tolksdorff [T] for p > I:

Theorem 2.4. If u € WY?(B,.(x), R™) is p-harmonic, then u € C**(B,.(z), R™) for some « € (0,1), and
for some constant C(n,m,p),

sup |VulP <C [VulP.
Bz (z) B, (z)

We will use a simple inequality: For an integer £ > 1 and a number p > 1, there is a constant

¢ = c(k,p) > 0 so that for any a, b € RF,

(2.7) (\a|p_2a — |b|p_2b) -(a—b) >cla—bP, forp>2;

(2.8) (JaP~?a — |b|P~2b) - (a — b) > c|a — b|*(la| + [b])P~2, for 1 <p < 2.

We also need some properties of Hardy space and the space BMO(R"™). By definition, BMO(R")
consists of all functions f € LL _(R™) with bounded mean oscillation (BMO):

loc

(2.9) Ifllsmo = sup{][ f = Forldy: 2 € R", 7> 0} < oo,
B, (x)

where f, . = 15, (2 f 1s mean value of f on B,(z). Obviously, L*(R") C BMO(R™).
The Hardy space H!(R") is the set of all g € L'(R"™) such that

g*(x) =sup| [ g()or(z —y)dy| € L'(R™),
>0 R”

with norm

lgllzer = llg™ [ Lr ®n),

where ¢ is a fixed function in C§°(B1) with fBl ¢ =1, and ¢,(z) = L¢(%=Y). Note that H*(R") is
independent of the choice of ¢; see [FS] or [Ss].
The delicate relation between H! and BMO is contained in the following famous theorem of Fefferman-

Stein [FS].

Theorem 2.5. H!(R")* = BMO(R"). In particular, the integral fR" fg, which is well-defined for
f € H{(R")NC> and g € BMO(R"), can be extended to any f € H'(R™), and there is a constant
C = C(n) such that

| /R £9 < Cll s Il eaco.



In our application, functions are defined on 2 C R™. We say a function f € L (Q) lies in H{ () if

loc

each point in 2 has a neighborhood U (C U C ) on which f agrees with a function in H!(R"). For such
U, define

(2.10) £l @y = inf{llgll2r rn) = fIU = g|U}.
Suppose u € WHP(Q, R™) is a solution of (2.1). We will assume that
(211) f(a U, vu) € Hlloc(Q)'

More specifically, we assume that there is constant C' such that for any ball B, C (.

P

(212) APl

It follows that if ¢ € W(}’p(B%p, R™) N BMO, then by Theorem 2.5,

(2.13) | /B £, V) - 9] < Ol lmnio /B V.

Our main result in this section is

Theorem 2.6. Ifu € WHP(Q,R™), p € (1,n], is a solution of (2.1) with the monotonicity property and
f(x,u, Vu) satisfies (2.11) and (2.12), then u € C*(Q\ Z,R™) for some 0 < a < 1 and closed subset Z C
with H""P(Z) = 0. If p = n, then u € C*(2, R™).

The proof of this theorem is reduced to the following lemma.

Lemma 2.7. There exist numbers €o, 7 € (0,1), depending n,m,p, so that if u is as in Theorem 2.7 with
e(x,r) :=rP™" wa(w) |Vu|P < gg, then

e(z,r).

DO | =

e(z,7r) <

Proof of Theorem 2.6. Take ¢ = 2P"¢(, where g is as in Lemma 2.7. We claim that if Bo,(z) C © and
e(z,2p) < e, then u € CH*(B,(z), R™) for some a € (0,1).

Indeed, for any y € B,(z) and r € (0, p|, the monotonicity of e(z,r) in  implies
e(y,r) < e(y,p) < 2" Pe(x,2p) < eo.
So Lemma 2.7 implies that for some 7 € (0,1) and all r € (0, p], there holds

e(y,r).

|~

(2.14) e(y,r) <



For any r € (0,p], let k& > 1 be an integer such that r € [7¥p, 7%1p). Then it follows from (2.14) and the

monotonicity of e(y,r) that

0
e(y,r) <e(y, 7% 1p) <27 e(y, p) < 2e0 (T) :
p

where 6 = log, 1. By Morrey’s Lemma [MC, 3.5.2], u is C'¥ on B,(z). By Theorem 2.3, u € C"*(B,(z),R™)
for some « € (0,1).
Let Z = {z € Q : liminf,_ge(z,7) > €}. Then u € CL*(Q\ Z,R™), and that H"P(Z) = 0 follows

from a covering argument (see [G]). [ |

Proof of Lemma 2.7. We show that Lemma 2.7 holds for a 7 € (0, +) satisfying 22" T2C7? < 1, where C

1
)8
i) € Q such that

is as in Theorem 2.4. For otherwise, there would be a sequence B, (x

1
(2.15) N =e(z;,r) 1 0, but e(w;,7r;) > 5)\?.

(2

Define v; : By — R™ by
vi(2) = N\ u(ws +1i2) — Us,], 2 € By

K2

Then by Poincare inequality,
(2.16) / Vo [P =1, / luil” < C,
B1 Bl
where C' = C(n,p). In terms of v;, the second inequality of (2.15) becomes

(2.17) Tp_"/ |Vv;|Pdz >

T

N =

The boundedness of v; in W1 (2.16) implies that there is a subsequence {vj,} C {v;} such that
(2.18) vp — vp in LP(B1,R™); Vv — Vg weakly in LP(Bq, R"™™),

for some vy € WHP(By,R™).

We want to show the strong convergence vy — vy in Wl’p(Bi,Rm). For this, take a function
¢ € C3(By,[0,1]) so that [V <2 and { =1 on By.

First look at the case p > 2. Applying (2.7), we have

c &V, — Vy [P < / [V P2V, — |V [P72Vy] - V(ve — v1))€

B1 Bl

(2.19) = [ 9020~ [Vl =2Vl [V ~ 0)6) + (0~ ) VL
B

Using Holder inequality together with (2.16), we have, as k, | — oo,

(2.20) |/ [|Vvk|p‘2Vvk — ‘V’U[‘p_vil] . [(’Uk — ’U[)Vf“ < C||v;€ - 'UlHLp(Bl) — 0.
B,
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Now we estimate the remaining terms in (2.19) by using (2.13) and following fact

(2.21) SF}?(HWEHBMO + |lveéllBmo) < 0.

)

(2.21) will be proved in a moment. Denote ¢ = (v — v;)€ and ¢(-) = (_I") Assuming (2.21), then

T

[¥]lBmo = [[¢]lBmo is bounded independent of k and [, and ¢ is supported in By, (zx). By a change of

k

variables, the equation (2.1) and (2.13), we get

rPn
[ IVl e (9o = el [ Va2 9uve
B, Nk B, (zx)
S [ v i< gl [ vup
= — U, () >~ — BMO u
)\le ' BT‘k(mk) )\le ' BTk(Ik)

= C|¢llemors — 0, ask, | — occ.

Similarly, |fB1 |V |P=2Vu; - [V(vr, — v)€]] — 0 as k, | — oo. Those estmates, combined with (2.19)-(2.20),

imply that fBl Vo, — V[P — 0 as k, | — co. So Vuy, is a Cauchy sequence and is strongly convergent in
1

LP.

Since vy, satisfies (2.16) and (2.17), its strong convergence implies that

(2.22) / [Vug|Pdz < 1, / |vg|Pdz < Cyp.
B B

1 1
4 4
/ |Vuo|P~2Vug - Vipdz = 0

B

4

for all p € C} (B1,R™). So v is a p-harmonic function on B1 and by Theorem 2.4 and (2.22),
4n
o

n

sup |V [P < C’]/ |[VulP < C
Bl Bl
4

Thus for the chosen 0 < 7 < é,

'rpfn/ |VuglPdz < C4™ 1P <
By

A~

a contradiction to the limit of (2.17). This ends the case p > 2.

If 1 < p <2, we use (2.8) to get

/ wk—wwc(/ <w+|w>1’) ’
B B

1
4

2
P

</B1 [[Vor|P~ 2V, — |Vu|P~2V] - V[(v, — Uz)]é)

The rest of the proof is similar.



To complete the proof, we need to show (2.21). It suffices to show that sup, ||vi€|lBmo < co. We follow
the proof of Evans [EL] for the case p = 2. Indeed, for z € B randr € (0, £], by the monotonicity property

of u, we have

r”_"/ |Vvi(y)|Pdy = A;pr”_"/ |VulP(x; + riy)rdy
B.(z) B, ()

= AT () / IVl (z)
Brir(xi"l""iz)
< [ Vul?(a)

ry (witriz)
8

< 8"*”)\;1’7"1-”*”/ |VulP(x) < 8P,

From this and John-Nirenberg’s inequality [JN], we get fB7 ©) |v;|™ is bounded. Thus for z € B and
8
r€(0,gl,

B n
7”)7”/ lvi|? < C </ |'Ui|”> <C / " | <O < .
B.(2) B.(2) B (0)

Denote w = v;€. For any z € B% (0) and r € (0, %], we obtain from Poincare’s inequality and the above

two estimates,

(2.23) ][ |w — W, | gcﬂ*"/ |V
Br(z) Br(z)
1
<C <rp—n / |Vw|p>
B, (2)

<c <rpn/ Vil + |v,-|p> <0<
BT(Z)

This estimate also holds for z € B" \ Rz (0) or r > %. By definition (2.9), we see sup; [[vi[Bmo < oo.
Thus (2.21) is proved. [ |

S

§ 3. Applications

To apply Theorem 2.6, we need to know when the right hand side f is in H! and satisfies (2.13).
Coiffman, Lions, Meyer and Semmes give the following criterion [CLMS1,2]:

Suppose that B € LP(R™",R") and E € LPI(R”,R”), where 1 < p < oo and p' = so that

p
p—1’

in distributional sense curl(B) = (gf; - %]jj)ij = 0 (curl free) and div(E) = 0 (divergence free). Then

E - B € HY(R"™) and for some constant C(n,p)
1E - By < CIE| Lo || B[ v

In particular, it applies to the case when E = Vu, where u € WP (R").
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A local version of the above criterion also holds. It directly follows from the proof in [CLMS2] (pages
9-10). In particular, if u € W *(B;) and E € L? (B;, R") is divergence free, then we also have Vu - E € H!
(E is extended so that £ =0 on R™\ By). Thus by the definition (2.10), Vu - E € H{..(B;) and

(3.0) ||VU'E||H1(B%) <|Vu- Elw < ClE| o g, Vull e B1),

for a constant C' independent of u and FE.

If u does not have compact support, we may consider g = (u—u)&, where u = JLBl uwand & € C} (B%7 [0,1])
is a cut-off function with £ =1 on B% and |V¢| < 6. Note that Vg- E = Vu - E on B% and by Poincare’s
inequality [|Vg|lrrB,) < ClVullLr(s,). Then by definition (2.10), and (2.13) applied to Vg - E, we have
that Vu - E also satisfies (3.0). By rescaling, we obtain

Proposition 3.1. Suppose that u € W'(B,), E € Lp/(Bp, R™) is divergence free, then

IVu-Elam,,) < ClEIL @, IVl a,)-

Theorem 3.2. Suppose p € (1,n) and S = S™~ . If u € WHP(Q,S) is a p-harmonic map with the
monotonicity property, then u € C*(Q\ Z,S) for some 0 < a < 1 and closed Z C Q with H""P(Z) = 0. If
p =mn, then u € CH*(£,S).

For the proof, we first give another description on p-harmonic maps to spheres.

Proposition 3.3. Ifu € Wh?(Q,R™), |u| = 1, then u is a p-harmonic map to S if and only if for all

1 <1i,j < n, the vector function
(3.2) EY = (Egj)lgagm = (|Vu|p_2ufluj — |Vu|p_2u£ui)lga§m
is divergence free, that is, [, Eiip, =0 for every p € C}(2). (As usual, repeated indices are summed.)
Proof : Suppose that u is p-harmonic, then by (1.3), for every ¢ € C}(Q),
(3.3) /E&jgpa z/ IVulP~2ul ul o0 — |VulP2ud u o,
Q Q
= [ IVl ) — [Vl (),
= /Q |VulPulu? p — |Vu|Pululp = 0.

So EY is divergence free. Conversely, suppose (3.3) holds for all ¢ € C}(Q). By approximation, it holds
with o replaced by u’p € W, P(Q,R™). It follows from 3, w'u’ = 1 that 3, ulu’ = 0 and

0= [ BYie)n = [ 1Val i i )a - VUl P i)
:/ |VulPulp — |VulP~2ul @q.
Q
This is exactly (1.3). So u is p-harmonic. [ |
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Proof of Theorem 3.2. We show that f = u|Vu|P satisfies (2.11) and (2.12).

For k € {1,...,n}, we write the k-th component of f as
P =uF |\ VulP =, (v —ulbut) |Vulp~? = Vol - B

where we have used the fact that ), u'u’ = 0. By Proposition 3.3, E* are of divergence free and

|E*| < |Vul[P~L. By Proposition 3.1, we obtain that

1£lam,,) < CIE | @, IVellirqs,y < CIVulL, -

|
Now we turn to n-harmonic maps with constant volume. For v = (u!,...,u" ™) € CY(Q, R"*!), define
(3.4) V(u) = / ur J(u?, . um T,
Q
O(u?, ... untt
where J(u?, ..., u"t) = (W?. ., u™)

Az, ..., zn)
Proposition 3.4. V is well-defined for every u = (u',... , u"t') € Wy ™(Q) x WH(Q, R™) and for some
C = C(n, ), there holds

(3.5) V(u)] < C IV || 1o

Proof. We first prove the estimate (3.5) for u € C!, for which V (u) is obviously well-defined and finite.
Extend u! as @' on R™ so that @' =0 on R™ \ . It is easy to see that (cf. (2.23)) @' € BMO(R") and for
some C(n),
@' lBmo < C [[Va!||Lne) = ClIVU!||Lr ().
For i > 2, denote @’ = f, u’. By extension theorem [AR], there is a function w* € W (R") such that

w' =u' — @' and ||[Vuw?|

@) < Cillu? — @l|wrn(q) < Col|VU!||Ln(q), where Cy and Cy depend only on n

and Q. Define @* = w® + @*. Then @ extends «* and satisfies

(3.6) V@ || o mey < Ol V|| (-

By Theorem IL.1 (1), J(@?,...,a" ™) € HY(R") and for some C' = C(n, ),
1@, ..., a" )|l < C V| L)

Now apply Theorem 2.5 to get

| [ wrd(?, ... u" )| = atJ(@?, ..., a" |
Q R
< C |la'llsyoll J(@2,. .., @" ") [l
< C I V[ oo o).
This estimate shows that V is continuous in the norm of Whm(Q, R**1); so V extends to W, ™ (Q) x

Whn(Q,R"), the closure of C}(Q,R) x C1(Q,R") in W (Q, R"*1), and the inequality also holds. [ |
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Corollary 3.5.
(a). For u e WH(Q,R") and v € Wy ™ (Q, R**1), denote J(u) = d1uA ... Adyu. Then Jov-I(u) is well
defined and

(3.7) | /Q v 3(w)] < CIV0] 1y [Vl

for some constant C(n, ().

(b). V(u) = [, u-I(u) is well-defined for every u € W (Q, R" ) with u|0Q in L>°.

Proof. Note that
n+1

/ v - J(u) — Z(_l)ivij(ul’ . 7ui—17ui—‘r17 e un—‘—l).
Q

i=1
So (3.7) follows from (3.5).

For u as in (b), let % be the harmonic extension of u|dQ on Q. Then @ € C*(Q) and by maximum
principle, [|a| < maxaq |lul|. Note [, - J(u) is well-defined since @ is bounded and J(u) € L', while
Jo(u — @) - I(u) is well-defined since u — @ € Wy (Q, R"') and by part (a). So V(u) = [,u-JI(u) =
Jot-J(u) + [o(u—a)-J(u) is also well-defined. [

Thus for a given bounded boundary data ¢|0f2, the image of any function u € W1™(Q, R™) with
u|9Q = ¢ spans a cone with finite volume V(u). The critical points of [, [Vu|™ subject to prescribed volume
are called n-harmonic maps with constant volume, and satisfy (1.5). Here we apply Theorem 2.6 to obtain

the regularity of such n-harmonic maps.

Theorem 3.6. Suppose that v € WLn(Q,R"!) is a weak solution of the equation (1.5). Then

u € CH2(Q, R for some a € (0,1).

Proof. Again we need to verify that f = HJ(u) satisfies (2.11) and (2.12).

For any B, C €, there is an extension & € W'™(R™, R"™) of u|B, such that ||Va|pnmn) <
C||Vullzn(B,), as in (3.6). In this case, C' depends only on n. Let A = th uw and consider v = £( — A),
where £ € C§(Bay, [0,1]) is a cut-off function with £ = 1 on B, and |[V¢| < 2. Then it is not hard to see
that HJ(u) = HJ(v) on B, and HJ(v) is a ‘H! function with

13l 8,y < ClIV[in,,) < ClVullZn,)-
So (2.12) holds. [ |

§ 4. Boundary regularity

Theorem 4.1. Suppose that 9N is Lipschitz, ¢ € CY(0Q,R™). If u € C1(Q, R™) is a weak solution of

(4.1) div(|Vu""2Vu) = f(z,u, Vu),

12



where f and u satisfy (2.2) and (2.3), and u = ¢ on OX) (in trace sense), then u € C°(Q, R™) N CH*(Q, R™)
for some o € (0,1).
We first recall a property for functions in W1, For = € B,(z0), we may write « in polar coordinates

as x = 1, where r = |v — 29|, # € S := S™~ L.

Lemma 4.2. Ifue WH"(By,, R™), then there exist r € (p,2p) and C = C(n,m) such that

(4.2) / Voul™(r6)dS < 2 / IVl de,
S B2,
(4.3) u(rfy) — u(rfo)| < Cl0y — ba]7 ||Vl 1o (B, -

for all 91,02 € S.

Proof. Note that |Vu|? = |u,|? + r~2|ug|?, where ug = Vyu. We have

J

By Fubini’s Theorem, there is a r € (p, 2p) such that

/ V" > £/|ua|"(r9)dsz 1/|ue|"(r9)ds,
B2, rJs 2 Js

this shows (4.2). By (4.2) and Sobolev’s embedding theorem W"(S,R™) Cc C%*(S,R™), (4.3) follows,

2p 2p
V" 2/ /[\u,|2+r—2|u0|2]%r”—1drds2/ r_1/|u9|"drdS
p S P S

2p

with a = 1. ]

n

Theorem 4.3. There are constants € > 0 and C depending only on n,m, M but not on ) so that if u is

as in Theorem 4.1, supg |u| < M and [, |Vu|™ < &g, then

sup [u — p| < Csup [u — P|+ C||Vul|Ln (o).
Q 99

Proof. Let ¢ be as in Theorem 2.3 (with p = n), then there is a constant C = C(n, m, u(M)) such that

for every ball B, C 2 we have
(4.4) S];lp [Vu| < Cr= Y|Vl o).
Let L = supg |u — P| and p € Q be a point such that

(4.5) fu(p) — P| > °L.

=]

Denote p = dist(p, 0Q) > 0. If | Vu]

(@) = L, then the conclusion already holds. Otherwise we proceed as

follows.

13



From (4.5), it follows

C
(4.6) sup |Vu| < —L.
B () p

Let r1 = £%. Then from (4.4)-(4.6) we have for ¢ € B, (p), there holds

(4.7) julg) ~ P > .

Since 2 is Lipschitz, there is, by Theorem 4.32 in [AR], an extension @ of u to R™ such that
Vil pnrny < C|[Vul|pnq) for some C = C(n,2). By Lemma 4.2, applied to @ on Bg,(p), there is a
ro9 € (p,2p) such that
(48) \u(rgﬁl) - U(T292)| S C||Vu||Ln(Q)|r291 — 7“2(92|% S Cl||quLn(Q),
for all r961,7202 € S, (p). Take a 01 € S such that |u(r161) — u(r261)| = infoes |u(r10) — u(r20)|. By using
Holder’s inequality and the fact ro < 4C'ry, we have

(4.9) lu(r161) — u(r01)| < win /S /T2 |, (r0)|drdS

1 1 o
< n—1 / |u7"| < n—1 HVUHL"(Brz(P))[wnTQ] ! < CHVUHL"(Q)
WnTy B, (p nTy
Now take an 7265 € S;,(p) N9 # 0. Then from (4.7)-(4.9) we have
L
7 S lulrby) = P
< fu(ri61) — |u(r201)| + |u(r201) — u(ra2)| + u(raf2) — P|

< C||Vul

Ln(Q) +sup ju — P|.
aQ
By the definition of L, we get the desired inequality. [ |

Proof of Theorem 4.1. Extending u to R", we may assume the u is defined on R" with fR" [Vu|" < co.

Let p € 99 and denote P = u(p). For any given small number § > 0, we may choose p > 0 such that
(410) [ v <s qua - Pl <o
B, (p)
for all ¢ € B,(p) N 0N By Lemma 4.2 and (4.10), there is an r € (§, p) such that
(4.11) [ vl <2 juta) - ule)| < Co,
Sr(p)

for all ¢1,¢2 € S, (p). Let ¥ = B,.(p) N2 and choose § < ¢ for the € in Theorem 4.3. Then ¥ is Lipschitz
and by (4.10)-(4.11)

(4.12) sup|u— P| < 84 Cox.
()

By Theorem 4.3 (with Q = X) and (4.12), we have
sup [u — P| < Csup|u — P|+ C||Vul[pn(s)
) o%

<C5+C05w.

So u is continuous at p. |
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§ 5. Isolated singularities are removable

Theorem 5.1. Ifu e CY(B;\ {0}, R™) is an solution of

(5.1) div(|Vu|"*Vu) = f(z,u, Vu),

finite energy [, |Vu|" < oo, where f and u satisfy (2.2) and (2.3), then u extends to a solution in
Che(By,R™) for some a € (0,1).

Corollary 5.2.

(a). Ifu € C1(By \ {0}, N) is an n-harmonic map with finite energy, then u extends to an n-harmonic map
in C»*(By, N) for some o € (0,1).

(b). Ifu e C*(By \ {0}, R"*!) satisfies the equation

div(|Vu|[""2Vu) = gJ(u)

on By \ {0}, where g € C1(By), then u € C1*(By, R" ™) for some o € (0, 1).

Theorem 5.3. Ifu e C'(B;\ {0},R™) is in Theorem 5.1, then

(5.2) /\vu\"gn%/ | /|Vu|"§( n ) /|u.9|".
S, S, S, n—1 S,

where u, = %, and ug = Vsu.

Proof : Using Holder’s inequality in (2.6) (cf. Remark there), we get

/qu|”<n</ Vu|") (/ |ur|”>”.
S, S, S,

This gives the first part of (5.2). Replacing |Vu|™ by |Vu|"~2[|ug|? + |u,|?] in (2.6), we get

—1
/ IVl ug|? = (n — 1) / IVl 2 = ™ / V",
S, S, n S,

Using Holder inequality again to get the second part of (5.2). ]

Proof of Theorem 5.1. Since u has finite energy, we may take s > 0 such that that fBz» [Vul™ < e,
where ¢ is as in Theorem 2.3. Thus for any « € By \ {0}, we may apply Theorem 2.3 to B, (z) C By, with

r= % to get for some constant C,

C n
(5.3) Val(@) < 1 ( /B v )

Fix a t € (0, s] and define a function ¢ : (0,¢] — R™ such that

1
n

t

ﬁ7§]a 1=0,1,2,...,

q(r) =a;logr +b;, forre]
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where a; and b; are chosen so that ¢ is continuous and q(57 f—s

Note that ¢(|#|) is an n-harmonic function on {54 < |x| < g}, that is,
(5.4) div(|V¢|"2Vq) = 0.

Note that ¢(r) is componentwise monotone, then for any ¢ € S and 3%t < r < &, we use (5.3) and the

definition of g to estimate

(55) la(r) — w(re)| = la(7) — a0 + lal;) — urg)]
< i) gl + i) - utre)

<2- ”‘2 ,max - [Vu(r)|

t
T <r<sr

1
— 9 29t (/ |Vu|") < 8Cew.
B25

y (2.7) and integration by parts, we get

c/ Vg — Vu|* < / (|Vq|"_2Vq — |Vu|"_2Vu) (Vg —Vu)
B, B

(5.6) < / div (V" 2V — [Vl V) (g — u)+
B,

_t
=53

s /S (Va4 — V" 2uy) (q — )
1=0 T

The first integral in (5.6) is simplified by (5.1) and (5.4). Those terms containing g, in the second sum
are zero since q Jcs, -). Since u, is continuous, the other terms that contain the factor u, are
canceled successively, with only the first one remained. So we have
(5.7) c/ Vg —Vu|" < — flx,u, Vu)(qg —u) + |Vu|"2u,(q — u).

B, B: S:

Using (2.2) and (5.5), we get

(5.8) fla.u. Vg =] < Cswlg—u| [ [VuP <Cet [ [vul
B, B, B,
From the Poincare inequality and q(t) = fgu(t:), we obtain [g [¢ —u[" < C(n)t" [g [ue|™. Thus by

Holder’s inequality and using |u,|, |ug| < |Vu|7 we have

(5.9) | 1Vu"2un(g — w)| < Cn)t </ vm) ! (/ |u9|”)n§C’t V.
S: S: S: S:

On the other hand, the fact that ¢ is independent of § and (5.2) imply

(5.10) / Vg — V" = / (luol® + |- — u, ) ?
B, B

1\ %
> [ |u9|nz(” ) [ vl
B, n B,
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From (5.6)-(5.10), we see that if we start with a small e, then there is a constant 1 > 7 > 0 such that

7/ IVl gt/ V",
B, S

which implies that for 0 < ¢ < s,

(5.11) / [Vu|™ < tT/ |[Vul" <et’.
B, B,

For x € B, going back to (5.3) and applying (5.11) with t = 2|z|, we get

1
n

C
Vala)| < (/B vw) < Cile
2|x|

This implies that for p = %= > n, u € W' (B;,R™) c C%%(By,R™). Apply Theorem 2.3 (a) to finish

J =
n

r __
n 1

the proof. m
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