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Let B be a ring with 1 and GG an automorphism group of B of order
n for some integer n. It is shown that if B is a Galois algebra with
Galois group G, then B is either a direct sum of central Galois algebras
or a direct sum of central Galois algebras and a commutative Galois
algebra. Moreover, when G is inner, B is either a direct sum of Azumaya
projective group algebras or a direct sum of Azumaya projective group
algebras and a commutative Galois algebra. Examples are given for

these structures.

1. INTRODUCTION

T. Kanzaki ([6]), M. Harada ([4]), and F. R. DeMeyer ([3]) investigated Galois alge-
bras. K. Sugano ([7]) studied the type of Galois H-separable extensions, and several other
types of Galois Extensions were recently discussed ([1, 7, 8, 9, 10]). In [6], many interest-

ing properties were found. It was shown that if B is a Galois algebra over a commutative
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ring R with Galois group G, then B = &), J, where J, = {b € B|bx = g(x)b for

geG
all x € B} ([6, Theorem 1)), J,J, = I,J,, where I, = BJ, N C and C the center of B,
17 =1y, I,J;, = J, ([6, Proposition 2]), and J,J;-1 = e,C for some idempotent e, in
C ([6, Theorem 2]). In particular, if B is a central Galois algebra, then J,J, = Jy, and
I, = C ([6, Corollary 1]), and its converse was also shown by M. Harada ([4, Theorem
1): if B=®)_ cqJy such that JyJy-1 = C and B is a separable R-algebra, then B is a
central Galois algebra. The purpose of the present paper is to show the following structure
theorem for a Galois algebra over R: if B is a Galois algebra over R with Galois group G,
then there exist orthogonal idempotents {e; € C|i = 1,2, ...,m for some integer m} and
some subgroups H; of G such that Be; is a central Galois algebra with Galois group H; for
eachi=1,2,...,mand B=®) - Be; or B=(®) ", Be;) ® A for some commutative
Galois algebra A with Galois group G|4 =2 G. When G is inner, B is either a direct sum
of Azumaya projective group algebras as defined by F. R. DeMeyer ([3, Theorem 6]) or a
direct sum of Azumaya projective group algebras and a commutative Galois algebra. This
paper was revised under the suggestions of the referee and written under the support of a

Caterpillar Fellowship at Bradley University. We would like to thank the referee for the

valuable suggestions and Caterpillar Inc. for the support.

2. DEFINITIONS AND NOTATIONS

Throughout this paper, B will represent a ring with 1, G an automorphism group
of B of order n for some integer n, C the center of B, and B the set of elements in B
fixed under each element in G. We denote J;, = {b € B|bx = g(z)b for all x € B} and
I, =BJ,NC for each g € G.

Let A be a subring of a ring B with the same identity 1. We call B a separable
extension of A if there exist {a;,b; in B, i = 1,2,...,m for some integer m} such that

> ab; =1, and Y ba; ® by = > a; ® b;b for all b in B where ® is over A. An Azumaya
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algebra, is a separable extension of its center. B is called a Galois extension of BY with
Galois group G if there exist elements {a;,b; in B, i =1,2,...,m} for some integer m such
that Zf;l a;g(b;) = 01,4 for each g € G. Such a set {a;, b;} is called a G-Galois system for
B. B is called a Galois algebra over R if B is a Galois extension of R which is contained
in C, and B is called a central Galois extension if B is a Galois extension of C. A ring B
is called a H-separable extension of A if B ® 4 B is isomorphic to a direct summand of a
finite direct sum of B as a B-bimodule, and B is called a Galois H-separable extension if

it is a Galois and a H-separable extension of BY (see [7]).

3. THE STRUCTURE THEOREM

In this section, we shall show a structure theorem for a Galois algebra B over R with

Galois group G'. We begin with some properties of the C-module J, for g € G.

LEMMA 3.1. Let B be a Galois algebra over R with Galois group G, then
(1) B(JyJn) = B(JnJy) for all g,h € G.
(2) BJ? = BJ, for all g € G.

Proof. (1) Since B is a Galois algebra over R, R C C and B is a separable extension of
R. Hence B is an Azumaya C-algebra ([2, Theorem 3.8, page 55]). Noting that BJ, is an
ideal of B and I, = BJ, N C is an ideal of C, we have that B.J, = B, (]2, Corollary 3.7,
page 54]). Hence B(J,Jy,) = (BJ,)(BJy) = (BL,)(BI,) = (BI,)(BI,) = (BJ,)(BJ,) =
B(Jndy).

(2) By Proposition 2 in [6], I; = I, for all g € G. Hence BJ; = (BJ,)(BJ,) =
(BI,)(BI,) = BI2 = BI, = BJ, for all g € G.

Lemma 3.2. Let B be a Galois algebra over R with Galois group G and H s a

subgroup of G, then



(1) B(IlheuJy) is invariant under H, that is, g(B(IlpenJr)) = B(IlheuJy) for each
ge H.

(2) B(Ilpcu Jn) = Be for some idempotent e in C.

(3) If UpenJn # {0}, H|pe = H.

Proof. (1) It is easy to check that g(J) = Jype-1 for all g,h € G, so g(BllyepJp) =
B(MperJypg-1). But {ghg™'|h € H} = H for each g € H. So g(B(IleuJp)) =
B(MlpepJy) for each g € H by Lemma 3.1.

(2) By Theorem 2 in [6], J,J,-1 = e, C for some idempotent e; in C'. So by Lemma
3.1, ByepJn) = B(MyenJ?) = B(yeg JuJp-1) = B(Ihepger). Noting Myepen by e,
we have B(Il,egJ,) = Be where e is an idempotent in C.

(3) By (1) B(IlpemJr) is invariant under H and by (2) B(llpenJn) = Be, so for
h € H, h(e) = e (for e is the identity of Be). Since B is a Galois algebra over R with
Galois group G, there exists a G-Galois system {a;,b; in B, i = 1,2,...,m} for some
integer m such that >..*, a;g(b;) = 1 4 for each g € G. Hence e ;" a;h(b;) = edy 5; and
ot (ea;)h(eb;) = edy p, for each h € H. Therefore, e =Y 7" | (ea;)(h(eb;) — (eb;)) for each
h # 1 in H. Now by hypothesis, l,cpgJ, # {0}, so e # 0. This implies that h|g. # 1
whenever h # 1 in H. Thus, H|g. = H.

LEMMA 3.3. Let B be a Galois algebra over R with Galois group G, H a subgroup
of G, e the same as in Lemma 3.2, and J; = {b € Be|bx = h(x)b for all x € Be} for each
h e H = H|ge. Then, J;, =eJy for each h € H= H|p..

Proof. Tt is clear that eJ, C J;. Conversely, for any b € J;, b = eb and bz = h(z)b
for each x € Be. Hence for any y € B, by = (eb)y = b(ye) = h(ye)b = h(y)eb = h(y)b.
Therefore, b € Jp. So, b =eb € eJy,. Thus, J; = eJ,.

Next are two “local” structure theorems for B(Il,cpyJy) where H is a subgroup of G

such that e Jn # {0}.



Theorem 3.4. Let B be a Galois algebra over R with Galois group G. If H is a
subgroup of G such that MpepyJy, # {0}, then B(IlpeyJy)(= Be) is a Galois H-separable

extension with Galois group H|p. = H.

Proof. By Lemma 3.2-(2), B(llpenJn) = Be for some idempotent e in C, and by
the proof of Lemma 3.2-(1) and (3), Y.~ (ea;)h(eb;) = edy p, for each h € H = H|g,.
Hence Be is a Galois extension with Galois group H|pg. = H. Moreover, by Theorem 2 in
[6], JpJp-1 = e C for some idempotent e, in C' and epe = e by the proof of Lemma 3.2.
Therefore, by Lemma, 3.3, J;,J; 1 = (eJp)(eJy-1) = eJpJp-1 = ee,C = eC which is the

center of Be. Thus, Be is a Galois H-separable extension with Galois group H|p. = H

([7, Theorem 2)).

With the maximality property of the subset H of G such that e Jy # {0}, we show
that H is indeed a subgroup of G and that B(Il,cpJ,) becomes a central Galois algebra,

a stronger Galois extension than the Galois H-separable extension as given in Theorem

3.4.

LEMMA 3.5. Let B be a Galois algebra over R with Galois group G and H a
mazimal subset of G such that UpcpJy, # {0}. Then H is a subgroup of G.

Proof. For any g,h € H, we claim that gh € H. In fact, suppose that gh ¢ H. Then
(IInherJn)Jgn = {0} by the maximality property of H. Hence B(Il,cuJp)Jgn = {0}. Since
g,h € H and BJ? = BJy, for all h € H by Lemma 3.1,

{0} = B(Mnen Jn)Jgn = B(Wpen Jn)(JgJn)Jgn
= B(xpenJn){gJgn)Jgn  ([6, Proposition 2])
= B(IlhenJn) Uy Jgn) = BUperJn)(JyJn) = B(Ilhen Jn)
# {0}
This is a contradiction. Thus, gh € H. But then H is a subgroup of GG for G is finite.
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Theorem 3.6. Let B be a Galois algebra over R with Galois group G. If H
is a mazimal subset of G such that UpegyJy, # {0}, then H is a subgroup of G and

B(IlpeuJy)(= Be) is a central Galois algebra with Galois group H|pe = H.

Proof. By Lemma 3.5, H is a subgroup of G. Since B is a Galois algebra over R
with Galois group G, B = ® ) .o J;. Hence Be = @3 qeJy = (D), cpyeln) @
(B ygm€Jg). by Lemma 3.3, J; = eJy for each h € H = H|p.. By the maximality
property of H, BeJ, = B(IlpcuJy)J, = {0} for each g ¢ H. Hence eJ, = {0} for each
g ¢ H. Thus, Be = ©) .y J,. Also, J3J;_1 = (eJy)(eJp-1) = eJpJp-1 = eC which
is the center of Be. Moreover, B is a Galois R-algebra, so it is a separable R-algebra.
Thus, Be is a separable algebra over Re ([2, Proposition 1.11, page 46]). Therefore, Be is

a central Galois algebra over Ce ([4, Theorem 1]).

To obtain a structure theorem for a Galois algebra, we need a lemma.

LEMMA 3.7. Let B be a Galois algebra over R with Galois group G and e a nonzero

idempotent in C%. Then Be is a Galois algebra over Re with Galois group G|g. = G.

Proof. Since e € C%, Be is invariant under G. By hypothesis, B is a Galois algebra
over R with Galois group G, so there exists a G-Galois system for B {a;,b; in B, i =
1,2,...,m} for some integer m such that > 1" a;g(b;) = 61,4 for each g € G. Hence
ey i aig(b;) = edy 4; and Y i~ (a;e)g(bie) = edy 4 for each g € G. Therefore, {a;e, bse in
Be, i =1,2,...,m} is a G-Galois system for Be and e = . | (a;e)(g(b;e) — b;e) for each
g # 1in G. But e # 0, so g|ge # 1 whenever g # 1 in G. Thus, Be is a Galois algebra

over Re with Galois group G|ge = G.

THEOREM 3.8. Let B be a Galois algebra over R with Galois group G. Then there

are orthogonal idempotents {e; |i = 1,2, ...,m for some integer m} in C' and subgroups H;
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of G such that Be; is a central Galois algebra with Galois group H; for each i =1,2,....m
and B=®) ", Be; or B=(®) .~ Be;)® Ce wheree=1-3%" ¢; and Ce = Be is

a commutative Galois algebra with Galois group Glc. = G.

Proof. Let H; be a maximal subset of G such that IIycp, Jp, # {0}. Then H; is a
subgroup of G by Lemma 3.5. By Theorem 3.6, there exists an idempotent e; in €' such that
B(Ilpcm, Jn)(= Bey) is a central Galois algebra over Ce; with Galois group Hi|ge, = H;.
Let Hi, Hy = gQnggl, vy Hy = ng1g,§1 be all the distinct conjugates of H; in G for some
g; € G (if Hy is a normal subgroup of G, K =1 and g; = 1). Since for each i = 2,3, ..., k,
Up,em, Jn, = Upen, ng’hgi_l = gi(Upem, Jpn), H; is also a maximal subset (subgroup) of G
such that Iy, cp, Jp, # {0} by the maximality property of H;. Hence, by Theorem 3.6
again, for each i = 2,3, ..., k, there exists an idempotent e; in C' such that B(Ily,cq, Jp,) (=
Be;) is a central Galois algebra over Ce; with Galois group H;|p., = H;. Moreover,
(Be;)(Bej) = B(Ily,ep; Jn,) By, en;Jn;) = Be;d;j by Lemma 3.1 and the maximality
property of H; and Hj; and so e, e, ..., e; are orthogonal. Thus, B = (& Zle Be;) ®
B(l—Zf:1 e;). In case that Zle e; =1, wehave B =@ Zle Be;, and so we are done. In
case that Zle e; # 1, we have 1 — Zle e; # 0. Since {Hq, Ho, ..., H,} = {gilﬁhg;1 |i =
1,2,...k} are all the distinct conjugates of Hy in G, {gH1g™ ', gH>g™',...,gHrg™ '} =
{H,, H», ..., Hy} for any g € G. Hence, that g(B(Ily, e, Jn;)) = B(h,eH; Jygn;q-1) implies
that {g(e1), g(ez2),...,g9(ex)} = {e1, ea,...,ex} for all ¢ € G. Hence, g(1 — Zle e;) =

1— Zle e; for all g € G, and so 1 — Zf L € a nonzero idempotent in C%. Thus, by

Lemma 3.7 B(1 — Zle e;) is a Galois algebra over R(1 — Zle e;) with Galois group

G|B(1_Zf=1 ) = G. Let e =1-— Zle e;. Then Be is a Galois algebra over Re with
Galois group G|ge = G. In case that eJ; = {0} for each ¢ # 1 in G, we have that
Be = @) ,cqely = eJ1 = eC. Thus, Be is a commutative Galois algebra with Galois
group G|g. = G, and so we are done. In case that eJ, # {0} for some g # 1 in G, we can

obtain a subgroup Hy41 and an idempotent egyq in C such that Beg41 is a central Galois

algebra with Galois group Hyi1|Be,., = Hiq1. Let E = {ey | g € G and J,J;-1 = ¢,C}.
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By the proof of Lemma 3.2-(2), each e; is contained in the Boolean algebra generated
by the elements in E which is finite. Consequently, in finite steps, we have orthogonal
idempotents e; in C and subgroups H;, ¢ = 1, 2, ..., m for some integer m such that Be; is
a central Galois algebra with Galois group H; for each i =1,2,...,m and B=® ;" | Be;
or B=(®).;", Be;)®Ce wheree =1—3"", e; and Ce is a commutative Galois algebra

with Galois group G|c. =2 G. This completes the proof.

If we further assume in Theorem 3.8 that J, # {0} for each g # 1 in G, then we can

show that G = U], H;.

THEOREM 3.9. Let B be a Galois algebra over R with Galois group G and
Jy # {0} for each g # 1 in G. Then there are orthogonal idempotents {e;|i = 1,2,....,m
for some integer m} in C and subgroups H; of G such that G = U" | H;, Be; is a central
Galois algebra with Galois group H; for each i = 1,2,...,m, and B = ©_!" | Be; or
B = (Y " Be;) ®Ce wheree =1-3>"¢; and Ce is a commutative Galois algebra

with Galois group G|ce = G.

Proof. By Theorem 3.8, there are orthogonal idempotents {e;|i = 1,2,...,m for
some integer m} in C' and subgroup H; of G such that Be; is a central Galois algebra
over Ce; with Galois group H;|g., = H; for each i = 1,2,....m and B = @21‘11 Be;
or B = (®).]", Be;) ® Ce where e = 1 — Y 1" e; and Ce is a commutative Galois
algebra with Galois group G|c. = G. Moreover, H;’s are maximal subsets (subgroups)
of G such that e, Jn # {0}. In case that B = @) ;" Be;, for any g # 1 in G,
{0} # BJ, = @) BeiJ, = ®>. " BMlp,en; Jn;)Jy- Hence, there is some H; such
that (Ily,cm, Jn;)Jy # {0}. Therefore, g is contained in some H; by the maximality
property of H;. Thus, G = U™, H;. In case that B = ®) ;" Be; ® Ce, we have eJ; =

©) ,eq ety Hence, eJ, = {0} for any g # 1 in G. Therefore, for any g # 1 in G,
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{0}y #BJ, = (@®Y.7", Be;J,) ®Ced, =@ i~ BeiJ, =&Y i~ B(ly,en; Jn;)J,. Thus,

similar to the above argument, G = U™, H;. This completes the proof.

In [3], let f: G x G —> U(R) be a factor set from G x G to the set of units of R, that
is, f(g,h)f(gh,k) = f(h,k)f(g,hk) for all g, h, and k in G. RGy =3_ . RU, is called a
projective group algebra over R if RG is an algebra with a free basis {U, | g € G} over R
where the multiplications are given by (r,U,)(rpUp) = rgrpUy,Up, and U,Up, = f(g, h)Ugn
for ry,r, € B and g,h € G. It was shown that if B is a central Galois algebra over C
with inner Galois group G, then B is an Azumaya projective group algebra over C ([3,
Theorem 6]). We next generalize the above structure theorem for a central Galois algebra

with an inner Galois group given by F. R. DeMeyer.

THEOREM 3.10. If B is a Galois algebra over R with an inner Galois group
G, then B is either a direct sum of Azumaya projective group algebras or a direct sum of

Azumaya projective group algebras and a commutative Galois algebra.

Proof. By Theorem 6 in [3], a central Galois algebra with an inner Galois group is an

Azumaya projective group algebra, so this is a consequence of Theorem 3.8.

We conclude the present paper with two examples of a Galois algebra B which is not
a central Galois algebra with Galois group G such that J, # {0} for some g € G and
Jn = {0} for some h € G, and B = ®) .~ Be; or B = (®Y.", Be;) ® Ce as given in
Theorem 3.8.

EXAMPLE 1. Let R[i,j, k] be the real quaternion algebra over R, B = R[i, j, k] @

R[iajak]a and G = {17 9is 955 k> 95 99i5 995, ggk} where gi(a1:a2) - (iali_laia&i_l)a

giar,a2) = (jarj ' jasj 1), gr(ar,as) = (kark ' kask '), and g(ar,a2) = (az,a1)
for all (a1,a2) in B. Then,



(1) B is a Galois extension with a G-Galois system: {a; = (1,0), as = (4,0), ag =
(7,0), as = (k,0), a5 = (0,1), ag = (0,4), az = (0,4), as = (0,k); by = $(1,0), b, =
—3(6,0), 03 = =5(4,0), by = —3(k,0), b5 = 1(0,1), bs = —5(0,4), by = —3(0,4), bs =
—1(0,k)}.

(2) BY = {(r,r)|r € R} = R.

(3) By (1) and (2) B is a Galois algebra over R with Galois group G.

(4) C =R&R.

(5) By (3) and (4) B is not a central Galois algebra with Galois group G.

(6) J1 =C=R®R, J;, = (Ri) d (Ri), Jy;, = (Rj) & (Rj), Jy, = (RE) & (Rk), and
Jg = Jag: = Jgg; = Jgg =10}

(7) Hi = {1, gi, 9j, gr} is a maximal subset (subgroup) of G such that cn, Jp #
{0}, and B(Ilpen, Jn)(= Bey = B) is a central Galois algebra over C' with Galois group
Hi|pe, & Hy, and so B = @) .." | Be; where m = 1 and Be; is a central Galois algebra

over Ce; with Galois group H;|ge, = H; for each i. But U | H; = H; # G.

EXAMPLE 2. Let R[i,j, k] be the real quaternion algebra over R, D the field of
complex numbers, B = RJ[i, j, k| ®(D®gr D), and G = {1, g;, g5, gx } where g;(a,dy ®ds) =
(iai™t,dy ® da), gj(a,dy ®ds) = (jaj~',dy ®ds), and gi(a,d; ® d2) = (kak™,dy ® ds) for
all (a,d; ® do) in B, where d is the conjugate of the complex number d. Then,

(1) B is a Galois extension with a G-Galois system: {a; = (1,0), as = (i,0), a5 =
(4,0), as = (k,0), a5 = (0,1®1), ag = (0,v/—1®1), a7 = (0,1 ® /1), as = (0,/-1®
V=1); b= §(L,0), by = —5(3,0), by = —5(4,0), by = —5(k,0), b5 = 3(0,1® 1), bg =
~10,vV/=1®1), b = 10,1 v=1), bg = 1(0, /=1 ® v-1)}.

(2) B =R®(R®R) = R®R.

(3) By (1) and (2) B is a Galois algebra over R ® R with Galois group G.

4) C=R® (D®grD).
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(5) By (3) and (4) B is not a central Galois algebra with Galois group G.

(6) 1 =C=R®(D®grD), J,, =R(0), J,, = R(j,0), Jg, = R(k,0).

(7) Hi =11, ¢i, 9, g1} = G is a maximal subset (subgroup) of G such that
Open,Jn # {0}, and B(Ilpen, Jr)(= B(1,0) = RJ[i, j,k]) is a central Galois algebra over
C(1,0)(= R) with Galois group Hi|p(1,0y = Hi. Let e; = (1,0) and e = (0,1 ® 1). Then
B=(® Z:’il Be;) ® Ce where m = 1, Be; is a central Galois algebra over Ce; with Galois
group H;|g., = H; for each i = 1,2,...,m and Ce = Be is a commutative Galois algebra

with Galois group G|c. = G.
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