
G" Paths Detect Continuity for Two-Variable Functions

A common way to show that a function of two variables is not continuous at a point is to
show that the one dimensional limit of the function evaluated over a curve varies
according the curve that is used.  For example one can show that the function
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converse to this technique cannot be used to demonstrate that a function is continuous.
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vagueness as to what is meant by  curves (e. g., all continuous curves, all differentiableall
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analytic and algebraic paths are not sufficient to detect discontinuity.

In this paper we show that  paths (continuous first derivative) are sufficient to detectG"
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 We start by proving a technical lemma that will be used in the proof of the main
theorem.
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The argument for  is similar.B 	 !

Main Theorem.
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Note: by [2], this result is false if  " " is replaced by "real analytic".G"
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sequence of points  (denoted by ) where  as  andÐB ß C Ñ : : pÐ!ß !Ñ 3p_3 3 3 3
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We now seek to define  for all  inductively.2 ÐBÑ 5 − Ö"ß #ß ÞÞÞÞ×5
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That is, the graph of  for  consists of straight line segments of slope 2ÐBÑ B − Ð!ß B Ñ >" 3+1
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Therefore,  is differentiable at .  Of course,  might not be differentiable at each2 B œ ! 2
B 3 − Ö"ß #ß ÞÞÞ× 23, .  So, we seek to modify  by "rounding" at each "corner" by a cubic
spline.  We choose the cubic spline method rather than a traditional "bump function"
because we wish to control the first derivative as .B Ä ! �

Spline calculation.
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We now modify  to get a function  that agrees with  except at small disks2ÐBÑ 1ÐBÑ 2ÐBÑ
around the corners in the graph of .2ÐBÑ
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By the Differentiability Lemma,  and  is differentiable on   We1 Ð!Ñ œ 7 1 Ð �_ß_ÑÞw
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Question:  can this result be extended for limits over  functions, where ?G 8 � "8
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